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Fig.3 Distribution of the observed values of the parameter
a; for the data surveyed.

layers and two-dimensional jets) have not been separately
plotted in this note. It can be seen that 709% of the data
fall in the range 0.2 < a; < 0.4, and that @, = 0.3 is a rea-
sonably good value judging from the approximately 500 data
points examined. In regard to this correlation it should be
pointed out that the parameter a; must approach zero at
the centerline of a free mixing flow, since the shear stress at
the centerline must be zero by reason of flow symmetry,
while experimental evidence indicates that the turbulent
kinetic energy remains nonzero. The value of the parameter
a1 then must increase from zero to its nominal value over a
portion of the mixing region. The experiments of Sami®
are sufficiently detailed for this variation to be investigated,
and this limited evidence indicates that the portion of the
mixing region over which this variation occurs is small. A
similar variation is also seen to occur in boundary-layer
flows (see Bradshaw®). This variation in the value of the
parameter @ may explain the slight biasing toward the
smaller values of a; apparent in Fig. 3.

Conclusions

Based on a study of a substantial amount of turbulent
shear stress and kinetic energy data, the existence of a linear
relationship between turbulent shear stress and kinetic
energy is reasonably well supported over a wide range of
experimental conditions in incompressible flow. In the re-
gions of flow where a constant ratio between turbulent shear
and turbulent kinetic energy can be expected to exist, a
reasonable value for the constant of proportionality may be
taken to be 0.3. There is not yet sufficient evidence avail-
able for the variation of this constant of proportionality to be
modelled in other flow regions, such as those in which the
turbulent shear stress approaches zero while the turbulent
kinetic energy does not.
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Exponential Kernel Approximation
in Radiative Energy Transfer
within a Hydrogen Plasma
Davip A. MANDELL*

College of Engineering, Washington State University,
Pullman, Wash.

Nomenclature
e, = Planck’s function
E, = second exponential integral function
F, = transmission function, Eq. (1), cm~!atm™!
L = plate spacing, cm
Ne = electron density, cm™*
P = total pressure, atm
Py = partial pressure of atomic hydrogen, atm
Q = heat source per unit volume
gr = radiative heat flux
T = temperature, °K
T; = boundary temperature, °K
T, = centerline temperature, °K
w = pressure path length, v = Pyy, cm-atm
u, = total pressure path length, v, = PgL, cm-atm
y = distance measured from lower boundary
kw = spectral absorption coefficient, cm™1!
A = thermal conductivity
o = Stefan-Boltzmann constant
w = wave number, cm™?!

Introduction

THE object of this Note is to investigate the influence of
the exponential kernel approximation on radiative
energy transfer within high-temperature gases. In order to
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-
with conduction neglected. e
[s]

—-~— Exponential Kernel Sofution

Exact Solution

e e e e =
—— —
——

7= 10,000 °K
P= .43 atm

Loyl

T, = 20,000°K
P =.57atm

o1l

T,210,000 °K
P =37.50tm

gl

illustrate this influence, results are presented for a hydrogen
plasma.

The energy equation for radiative transfer involves in-
tegral or integro-differential equations. If a gray gas is
assumed, the kernel function for the integrals is the exponen-
tial integral function Es(t). The kernel function for real
(nongray) gases is a complicated function of the particular
gas and conditions under consideration.

If the exponential approximation is made; that is, re-
placing E.(t) by an exponential, then the nongray kernel
functions can be expressed in terms of the spatial derivative
of either the emissivity' or, for linearized radiation, the
modified emissivity.2 The exponential approximation has
been used to study infrared radiation®* and also plasma
radiation.®$ In infrared gaseous radiation, the results ob-
tained by using the exponential approximation are in close
agreement with exact results. The linearized radiative
flux can be formulated without making the exponential
approximation.” This formulation is in terms of trans-
mission functions.

In this Note transmission functions are presented for a
hydrogen plasma at temperatures of 10,000°K and 20,000°K
and for electron densities of 10% and 107 c¢m™3. These
functions are used to study radiation in a hydrogen plasma
bounded by two parallel black boundaries and within which
there is a uniform heat source. These results are compared
to earlier results which contained the exponential approxima-
tion.” Linearized radiation and local thermodynamic equilib-
rium are assumed.

Analysis

For nongray linearized radiation, ¢r has been given in
=] e I y ] >
terms of transmission functions’

) = L [ Ke (O Ko
Baw) = 4o fo PH<DT>T1E2<PH “) do 1)

For boundaries at the temperature T, the linearized radiative
flux becomes

G = 8aT?? fo" [T’ = TylFs(u — u'ydu’ —

8o T? fu’“’ T — TP’ — wdu' (2)

where the linearization has been taken about T, and «,, thus
corresponds to this temperature. In order to calculate Fy(u)
it is necessary to have the spectral absorption coefficient «,
as a function of wave number, temperature and density.
The caleulations for F; reported in this paper were made by
using the methods for calculating the spectral absorption
coefficient discussed in Ref. 8.

)
)
o

For the problem of uniform heat generation, and with
conduction neglected, the equation for conservation of energy
is

u 1_4/ w ’ Y'__ I ’__
__i_éfo B Fa(u — u)du

Ug

g L " O Fa — wdu'  (3)

where § = 66T %(T — T))/LQ. When conduction within
the gas is included, the energy equation becomes

de | u 1 [8oTL\{ fu ng Ny
u°@+~—§_<_5\_>31‘0 ¢ )F2(u — w)du' —

Uo

f ) Faut u)du'$ @)

where ¢ = NT — T,)/QL? and the boundary condition is
#(0) = 0.

Results

The results obtained for F»(u) are given in Table 1. Equa-
tions (3) and (4) were solved numerically by the method of
undetermined parameters,?® in the same manner as deseribed

in Ref. 5. The results are shown in Figs. 1 and 2 along
Table I Transmission functions
Fy(u), em~! atm !
Ty = 10,000°K T; = 10,000°K T, = 20,000°K
u, Ne = 101 Ne = 107 Ne = 107
cm-atm cm 3 cm™? cm?
0 0.246 0.214 1.09
5 X 1078 5.01 X 102 9.78 X 102 0.794
1 X 10™¢ 3.57 X 107 7.33 X 10~ 0.687
5 X 107 1.35 X 10— 3.45 X 1072 0.461
1 X 1073 8.66 X 10-3 2.33 X 102 0.385
5 X 1073 3.82 X 10— 8.61 X 10—3 0.248
1 X 1072 2.98 X 1073 5.81 X 1073 0.206
5 X 1072 1.69 X 10—3 2.91 X 10 0.134
1 X 107 1.19 X 102 2.25 X 1073 0.107
5 X 107! 4.37 X 10~¢ 1.43 X 103 4.22 X 1072
1 3.59 X 10—+ 1.34 X 1073 2.16 X 102
5 2.94 X 10— 1.21 X 1073 6.83 X 1073
10 2.73 X 10~¢ 1.12 X 103 5.29 X 1073
50 2.24 X 1074 8.06 X 10—¢ 1.98 X 103
1 X 102 2.01 X 10~* 6.06 X 10—¢ 1.02 X 1078
5 X 102 1.31 X 10¢ 1.66 X 104 1.12 X 104
1 X 108 9.35 X 1073 7.66 X 103 2.74 X 1075
2.5 X 10° 4.79 X 10-8 2.84 X 103 1.74 X 10—¢
5 X 10 2.40 X 10-® 1.40 X 103 6.06 X 1078
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Fig. 2 Centerline temperature results with conduction
included, 77 = 10,000°K.

with the results obtained by making the exponential approxi-
mation.’

The results for conduction neglected are shown in Fig. 1.
In order to see the influence of the exponential approxima-
tion, the results for a typical plate spacing can be examined.
For a plate spacing of L = 1 cm., the exact solution differs
from the exponential kernel solution by approximately 209,
for T = 10,000°K and P = 0.43 atm; by 159 for T =
10,000°K and P = 37.5 atm; and by 229, for T: = 20,000°K
and P = 0.57 atm.

Figure 2 shows the results for Ty, = 10,000°K with con-
duction included. In order to see the influence of the ex-
ponential approximation in this case, the results can be
examined when radiation and conduction are equally im-
portant mechanisms of heat transfer. This occurs when the
centerline temperature is reduced to one-half its maximum
value, which is the pure conduction value? 0.125. For T =
10,000°K and P = 0.43 atm, the exact dimensionless center-
Jine temperature is reduced by one-half at L = 4.6 em., and
the per cent difference between the exact and exponential
kernel solutions is about 10%; for T = 10,000°K and P =
37.5 atm, the difference is 14% at L = 0.29 ecm. For T
= 20,000°K, the results are similar to the aforementioned
results. Thus when conduction is included, the exponential
kernel approximation has a relatively small influence on the
total heat-transfer problem.
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Integral Solution for Erosion Heat
Transfer

VicTtor QUan® :
TRW Systems, Redondo Beach, Calif.

1. Introduction

HEN a heated solid is in a chemically reactive environ-

ment, under excessive pressure and shear forces, or im-
pacted by high-speed particles, erosion may occur at the sur-
face. The erosion phenomena have received substantial
attention in recent years due to their importance in high-
speed and high-temperature applications. For example,
when a vehicle traverses a rain or dust environment, failure
may result due to surface erosion coupled with aerodynamic
heating. Erosion generally occurs over a wide temperature
range and its rate is often strongly dependent on surface
temperature. Erosion thus differs from the ordinary abla-
tion process, such as sublimation, which can oceur over a
range of temperatures but whose rate is determined primarily
by the surface heat balance. Moreover, erosion and ablation
may occur simultaneously.

In the present analysis, the integral method is applied to
solve the transient heat conduction problem involving an
eroding surface. The general formulation considers a semi-
infinite solid with temperature-dependent properties and an
erosion rate that varies arbitrarily with surface temperature
and time. Sample closed-form solutions are presented for the
cases of erosion with convective heating and of simultaneous
erosion and ablation under constant erosive environments.

2. General Formulation

The governing equation for one-dimensional heat con-
duction in a semi-infinite solid is

oT o) oT
PN = o (79 5;) M®

where the density p, specific heat ¢, and conductivity & are
considered as functions of temperature 7. The location of
the moving surface at time ¢ is defined by « = S(). With
the introduction of

z=2xz—8 2)
and
T
§ = f o pedl @)
Equation (1) becomes
00 0 o6 el:]
gt~a—zl:a(0)a—z]+55z @

where a = k/pe, S = dS/dt, and the subseript « refers to
z— @,

Goodman, who suggested the transformation given by
Eq. (8), has applied the integral technique to solve a wide

Received December 15, 1969; revision received April 27, 1970.
* Member of Professional Staff, Vulnerability and Hardness
Laboratory. Member ATAA.



	x: 


